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The complements of blocks containing a given point in a (2k - 1, k, k) design, 
enlarged by this point, and the blocks not containing it, form a (2k - 1, k, k) 
design. Likewise, the complements of blocks containing a given point in a 
(2k, k, k - 1) design and the biocks not containing it, form a (2k - 1, k, Ic) design. 
In this paper we show that if a quasi-residual (2k - 1, k, k) design is obtained from 
an embeddable (2k - 1, k, k) or (2k, k, k - 1) design, then it is aiso embeddable, 
and describe an example of non-embeddable (12, 6, 5) design such that all (11, 6, 
6) designs obtained from it are embeddable. 
1. INTRODUCTION 
We assume that the reader is familiar with the definitions of block design, 
symmetric, derived, residual and quasi-residual design, etc. (cf. [3, 41). We 
use the notation (v, k, J.) for the parameters of a block design (not 
necessarily symmetric) having u points and block size k, in which each pair 
of points is contained in II blocks. In our notation an incidence matrix of a 
(0, k, 1) design has size v by b, where b = Lv(v - I}/k(k - 1) is the number 
of blocks. We shall often identify designs with their incidence matrices. 
As is easily seen, any (2k, k, k - 1) or (2k - 1, k, k) design is quasi- 
residual. Starting from a (2k, k, k - 1) design we can obtain (2k - 1, k, k) 
designs in the following way: consider as blocks the complements of blocks 
of the initial design which contain a given point, and the blocks not 
containing it (cf. [ 11). Similarly, the complements of blocks containing a 
given point in a (2k - 1, k, k) design, enlarged by this point, and the blocks 
not containing it, form a (2k - 1, k, k) design (cf. [ 11). The object we 
investigate in this paper is the connection between embeddability of a 
(2k - 1, k, k) (or (2k, k, k- 1)) design and the (2k - 1, k, k) designs 
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obtained from it in the way described above. In Section 2 we demonstrate 
that if a (2k - 1, k, k) design is obtained from an embeddable (2k - 1, k, k) 
or (2k, k, k - 1) design, then .it is also embeddable. As a consequence we 
establish that all (2k - 1, k, k) designs obtained from a (2k, k, k - 1) design 
are simultaneously embeddable or nonembeddable. The first example of non- 
embeddable (12, 6, 5) design was given by van Lint [4 1. In fact, that was the 
first example of non-trivial non-embeddable design with parameters different 
from those of Bhattacharya’s (16,6,3) design [2]. Recently, it was pointed 
out [S, 61 that the twelve (11, 6, 6) designs obtained from van Lint’s design 
are non-embeddable. In Section 3 we describe a non-embeddable (12, 6, 5) 
design, such that all (11, 6, 6) designs obtained from it are embeddable. 
2. EMBEDDABILITY OF (2k - 1, k,k) DESIGNS OBTAINED FROM 
EMBEDDABLE (2k - 1, k,k) OR (2k,k,k - 1) DESIGNS 
THEOREM 1. If a (2k - 1, k, k) design D is embeddable, then any 
(2k - 1, k, k) design obtained from it is also embeddable. 
Proof. Without loss of generality we may assume that D has an 
incidence matrix of the form 
A B 
1 ... 1 1 0 . . . 0 ’ 
i.e., the (2k - 1)th point is contained in the first 2k blocks, and A, B satisfy 
the relations AJ,,,, =iJ2k-2,1 = kJzk--Z,l, AA’+ BB’ = kI f kJzk-2,2k-2, 
where as usual I denotes the identity matrix of appropriate size, Jm,n is the m 
by n all-one matrix and At is the transpose of A. For the sake of convenience 
we shall sometimes omit the indices. Let D be embeddable in a symmetric 
(4k - 1,2k, k) design with incidence matrix 
0‘ 
A B 
. . . 1 0 .” 0 0 
1 
A, B, : 
i. 
where (A,, B,) determines the .corresponding derived (2k, k, k - 1) design. 
Thus, A1J2k,l=kJzL,1, B1Jzk--2,1= (k- 1) Ju--Z,lr A,A: +B,B:=kI+ 
(k - 1) Jwo AA: + BB: = kJ,,-,,,,. Then the following 
J-A B 
1 . . . 1 0 . . . 0 1 
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is the incidence matrix of the (2k - 1, k, k) design obtained from D with 
respect to the 2.k - Ith point. Since 
(Jut-2Jk -A) A: f B(Jz,t,zk-2- B,)‘= Ww-2,~ 
A,A: + (Jzk,zk-2 - B,)(Jw-2 - Bd’= kI f @ - l)Jww 
this design is embeddable in the following symmetric design 
L 
J-A 
1 ... 1 0 “. 0 0 
Al 
It is worth noting that if a (2k - 1, k, k) design D is obtained from some 
(2k, k, k - 1) design D’, then all remaining (2k - I, k, k) designs obtained 
from D’ can be considered (up to isomorphism) as obtained from D. More 
precisely, let Di, 1 < i < 2k denote the (2k - 1, k, k) design obtained from D’ 
with respect to ith point. Then it is readily checked that 0: (i > 2) coincides 
with the design obtained from Djel with respect to its (i - 1)th point. So we 
have 
COROLLARY. All (2k- 1, k, k) designs obtained from a given 
(2k, k, k - 1) design are simultaneously embeddable or non-embeddabie. 
THEOREM 2. If a (2k, k, k - 1) design DC is embeddable, then anJ7 
(2k - 1, k, k) design obtained from it is also embeddable. 
Proof. If D’ has an incidence matrix of the form 
I 
A 3 
1 . . . 1 0 .‘. 0 
and if it is embaddable in a symmetric (4k - 1,Zk - I, k - 1) design with 
incidence matrix 
0 
A 3 
1 . . . 1 0 . . . 0 0 
1 
-4, B, i 
1 
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then the incidence matrix of Dik is (J-A, B) and Dik is embeddable in the 
following symmetric (4k - 1,2k, k) design: 
0' 
J-A B : 
0 
1 ‘.. 1 0 .” 0 1 
A, J-B, i 
1 
3. EMBEDDABILITY OF (2k - 1, k,k) DESIGNS OBTAINED FROM 
NON-EMBEDDABLE (2k,k,k- 1) DESIGN 
The following is the incidence matrix of a (12,6,5) design which was 
found by the aid of a computer 
0100111001000111010101 
0100111000111010101010 
1001110011010000101101 
0001000101111110011001 
0101001111000101101010 
1111100101100010000110 
1000100010101101011110 
0110100110110001110001 
0010011111011000010110 
1011011000100100110011 
1010001100001011101101 
1111010010011111000000 
THEOREM 3. (i) The design -(l) is non-embaddable. 
(ii) AIf (11,6, 6) designs obtained from (1) are embeddable. 
(1) 
ProoJ: The idea of the proof is similar to that in [4]. We shall show that 
the blocks No 1, 3, 4, 8, 10, 14, 19, 20 can not be extended to blocks of a 
symmetric (23, 11, 5) design. Let {l, 2,..., 11 } be the set of points of the 
hypothetical derived (11,5,4) design H and Bt, i = l,..., 22 denote its blocks. 
By (1) the blocks B,, B,, B4,..., B,, must intersect each other as follows: 
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B, B, B, B, B,, B,, B,, ho 
B, 5 1 1 3 3 2 2 1 
B3 5213342 
B4 521 12 3 
47 5 1 3 2 2 
BlO . . 5 2 2 1 
B,4 5 2 3 
Bl9 5 2 
B20 5 
Without loss of generality we can put B, = (l,..., 5}, B, = {I, 6, 7,8,9 1, 
B, = (2,6,7, 10, 1 1 }. Let B be a block of H and let y1 = JB n (111, y, = 
jBn(2)j, y3=lBn(3,4,5)1, y4=IBn{6,7}1, ys=lB?8,9}1> yiz= 
(Bn {IO, ll}(, a,=lBnBij, 1 <i<22. Then we have 
Y*+Y,+Y,+Y,+Y5+Y6=5, 
Yl fY2 +Y3 =a,, 
Yl +y, +Y, =a3, 
Y2 +Y4 +y6=a4, 
0 < yi ,< 1 for i = 1,2; 0 <y, < 3; 0 < yi < 2 for i = 4,5,6. 
The first equation means that B contains five points and the next three 
follow from intersection of B with B, , B, and B,. For B, the above system 
has three solutions (y 1, . . . . y6), equal to (0, 0,3, LO, 11, (0, L2,0, 1, k), 
(1,0,2,0,0,2) and for B,, two solutions: (l,O, 2, 1, 1,O) and 
(1, 1, 1,0,2,0). Since jB,f~B,~l= 1, we have to consider (w.1.o.g.) the 
following cases: 
(1) B,=(3,4,5,6, lo}, B,o= {1,2,3,8,91; 
(2) Bs={1,3,4,10,11},B,,=jl,2,~,g,9f; 
(3) B, = {2,3,4,8, lo}, B,, = ( 1,3,5,6,9 1. 
Case 1. Let y3=lBn(3}l, y4=lBn(4,5)l, ys=lBn{6)l, Ye= 
IBn {7)1, y,=IBn{8,9}1, Ys=lBn{l’J!l, y,=lBn 11111, Y,, ~2 8s 
above. Now we have 
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Y{ +y2 +Y3 SY4 -t-Y5 +Y6 +Y7 +Ys +y9 = 5, 
Y, +yz +Y3 +Y4 =a,, 
Yl +Y5 +Y,+Y? =a3, 
YZ SY5 +Y6 +Y8+Y9=a4, 
Y3 SY4 +Ys +ys =a,, 
Yl +Y2 +Y3 SY7 =a 10, 
O,<yi,<2 for i=4, 7 and O,<yi& 1 otherwise. 
For B,, the solution is (0, 0, 0,2, 1, 0,2,0,0) and for I?,, - (0, 0, 0, LO, 1, 
1, 1, l), hence IB,, nB,,I = 2, a contradiction (see (2)). 
Case 2. Let yJ=JBr~{3,4}J, y,=IBn’{5}/, ys=(BA{6,7}l, yg= 
[BfI{8,9]/, y,=(Bn{lO,llj( and yl, y, as in Case 1. Now ive have the 
following system of equations and inequalities 
Y1+Y*+Y3+Y4+Ys+Ys+Y7=59 
Yl +Y2 +Y3 +Y4 =a,, 
Yl +Ys +Y6 =a39 
YZ +Y5 +y7=a4, 
Yl +Y3 +y7=as, 
y1+y, +y, +Y6 =a103 
O,<y,<l fori=l,2,4;O(yi<20therwise. 
The solutions of the system of equations for B1, are (8, 1 - 2p, 3 - 2@, 
-2 + 3p, p, 3 -2p, /I), fi = 0, 1,2. If /I =0 then y, < 0 and p > 1 implies 
y2 < 0. Thus, the case 2 is also impossible. 
Case 3. Let yi = IB n ii}/, i = l,..., 11. By the same manner as in the 
previous case we establish that the solutions for B,, are (1 -p, 0, j?, LO, 0, 
0, 1, 1, 1 -6, 0) and for Big (1, A 0, 1 -& 0, 1 -P, 1, 1, P, 0, O), P = 0, 1, 
whence /B,, n B,, ) = 3, a contradiction. Thus, design (1) is non-embeddable. 
To prove (ii), it is sufficient to show that one of the twelve (11,6,6) 
designs obtained from design (1) is embeddable. Using a computer, we were 
able to embed the design obtained with respect to the first point of (1). The 
corresponding derived (12,6,5) design is listed below. 
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0111010011000101001101 
1001010111011001100010 
1010000110101011011100 
1100110010110100010110 
1001100101110110001001 
0111010000111010110001 
0101Qo1101001110010ll0 
1000111000001111100101 
111000110001ooo0101111 
0010111001010011011010 
0100101111100001110001 
0011101010101100101010 
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